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Collective bands in the neutron-rich 103Nb nucleus have been investigated by measuring prompt γ -rays
following spontaneous ﬁssion of 252Cf. Three new bands have been identiﬁed. The band based on the
716.8 keV level is proposed as a candidate for the Kπ = 9/2+ one-phonon γ -vibrational band, and
the band built on the 1282.1 keV level is proposed as a candidate for the Kπ = 13/2+ two-phonon
γ -vibrational band. The two-phonon γ -vibrational band is the ﬁrst such band identiﬁed in odd-Z nuclei.
© 2009 Elsevier B.V. Open access under CC BY license. 1. Introduction
Multi-phonon excitations in deformed nuclei can provide valu-
able information about nuclear vibrational collectivity. However,
it is diﬃcult to observe the low-lying multi-phonon excitations
in deformed nuclei, such as the two-phonon γ γ (2γ ), ββ or
βγ excitations. So far, considerable efforts have been made to
search for multi-phonon bands. Several models have been pro-
posed and some calculations have given predictions about 2γ
bands. For example, calculations in a quasi-particle-phonon nu-
clear model (QPNM) [1,2] have indicated that there would be
no two-phonon states in even–even deformed nuclei because of
the Pauli principle. Then the multi-phonon method (MPM) [3],
the extended interacting-boson model (sdg-IBM) [4] and the self-
consistent collective-coordinate method (SCCM) [5] have predicted
the existence of 2γ states in even–even deformed nuclei. They
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Open access under CC BY license. predicted that the 2γ states have large anharmonicities. The en-
ergies of the 2γ states should be around a factor ∼ 2.6 times
those of the 1γ states and the transitions from the 2γ to the 1γ
bands should be consistent with their collective properties. Several
low-lying Kπ = 4+ 2γ states have been identiﬁed based on the
measurements of the absolute reduced transition rates B(E2) of
the transitions between the 1γ and 2γ bands, such as in 166,168Er
[6–8], 164Dy [9] and 232Th [10]. A systematic comparison in nuclei
in the rare-earth region has been done by Wu et al. [11,12], and
some low excited states were proposed as 2γ states in that region.
In the A = 100 neutron-rich nuclear region, 2γ bands have been
observed in even–even 104,106,108Mo [13–18], and 108,112Ru [19,20]
nuclei.
Very few studies of the 2γ states of odd-A nuclei have been
made. Only Piepenbring and Durand made some predictions using
the extended MPM [21,22]. In odd-A nuclei, if K is a band-head
quantum number of a quasiparticle band, there exist two 1γ states
with Kγ = K ± 2. The excitation energy of the K − 2 state is a lit-
tle larger than that of the K + 2 state and it is diﬃcult to observe
it. There may be three 2γ states with K − 4, K and K + 4. The
K2γ = K + 4 state is the purest vibrational state and has strong
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states. The K2γ = K state is diﬃcult to assign and its energy is
higher than the K + 4 and K − 4 partners. The E2 transitions from
the K2γ = K state to the 1γ state will lose practically all its col-
lective character. Recently, the ﬁrst 2γ band in an odd-N nucleus
was observed in 105Mo by our collaborators [23]. But so far, no 2γ
band has been observed in odd-Z nuclei. To search for information
on the 2γ bands in odd-Z nuclei, the high-spin states of 103Nb are
re-investigated in the present work. In previous publications [24,
25], some high-spin states in 103Nb have been reported. Here we
report new evidence for 1γ and 2γ bands in 103Nb.
2. Experiment and results
The level structures of 103Nb have been re-investigated by mea-
suring the prompt γ -rays emitted from the fragments produced in
the spontaneous ﬁssion of 252Cf. The experiment was carried out
at the Lawrence Berkeley National Laboratory. A 252Cf source of
strength ∼ 60 μCi was sandwiched between two Fe foils of thick-
ness of 10 mg/cm2. The source then was placed at the center of
the Gammasphere detector array, which, for this experiment, con-
sisted of 102 Compton-suppressed Ge detectors. A poly-ethylene
ball was used to absorb β-rays and internal conversion electrons,
as well as to partially moderate and absorb ﬁssion neutrons. A to-
tal of 5.7× 1011 triple- and higher-fold γ -coincidence events were
collected. The coincidence data were analyzed with the radware
software package [26].
By carefully examining γ –γ –γ coincidence relationships and
transition intensities, a partial level scheme of 103Nb has been es-
tablished as shown in Fig. 1. The bands are labeled as (1), (2), (3)
and (4) on top of the scheme. Some bands reported in previous
works [24,25] are not shown in this ﬁgure except for the ground
state band (1). The bands (2)–(4) are newly observed in this work.
As examples, Figs. 2 and 3 show some double gated coincidenceγ -ray spectra. In Fig. 2(a), the γ -ray spectrum is obtained by dou-
ble gating on the 126.3 and 788.7 keV γ -transitions. One can see
all the γ -transitions above the 915.0 keV level in band (2), and the
279.3, 311.8 (mixed with the 314.3 keV one in 145La) and 334.9 keV
(mixed with the 334.3 keV one in 145La) transitions in band (3),
as well as some strongly linking transitions, such as the 367.1
(mixed with the 366.0 keV one in 145La) and 646.4 keV ones be-
tween bands (2) and (3), and 468.6 keV one between bands (3)
and (4) in 103Nb. In Fig. 2(b), the γ -ray spectrum is obtained by
double gating on the 716.8 and 565.3 keV γ -transitions. One can
see nearly all the γ -transitions in the bands (3) and (4), as well
as the 468.6 and 391.7 keV linking transitions between bands (4)
and (3). Of course, one sees some strong γ -transitions of the part-
ner nuclei in both ﬁgures, such as the 172.0, 183.1, 314.3, 334.3,
366.0, 384.1 and 430.2 keV ones in 145La [27,28], the 131.0, 159.0
and 290.0 keV ones in 146La [24] and the 167.7 and 212.2 keV ones
in 147La [27,28]. Fig. 3 shows a spectrum obtained by double gating
on the 279.3 and 311.8 keV transitions. Because these two tran-
sitions come from higher excited states, the relative intensities of
the contaminant transitions from the partner nuclei should be sup-
pressed, and the weak transitions in band (3) of 103Nb should be
seen clearly. From Fig. 3, one can clearly see the weak transitions
such as 334.9, 355.0 and 689.9 keV ones in band (3) as well as
the transitions depopulating the 1282.1 keV and lower levels, such
as 565.3, 367.1, 778.0, 198.2, 716.8, 590.5, and 126.3 keV ones. All
the transitions in bands (2), (3) and (4) are conﬁrmed by multi-
ple other double-gated spectra. Some transitions in partner nuclei
also can be seen in Fig. 3. In order to discuss the characteristics
of the observed bands, we have calculated the relative intensities
of the gamma transitions from some levels in 103Nb, as shown in
Table 1. For a given level, a γ -spectrum is generated by double gat-
ing on the two cascade transitions above the level. Then from this
spectrum, the peak areas of the γ -transitions decaying out of this
level are calculated. The relative γ -transition intensities as well as
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Fig. 3. The γ -ray spectra of 103Nb by double gating on 279.3 and 311.8 keV transitions.the errors can be obtained from the calculated peak areas. For ex-
ample, by gating on the 565.3 and 279.3 keV γ -transitions above
the 9/2+ level in 1γ band, the relative intensities of the 716.8 and
590.5 keV transitions can be determined to be 77.4(11) and 22.6(6),
as listed in the Table 1.
3. Discussion
The ground state band (1) in 103Nb has been assigned as
π5/2+[422] with Kπ = 5/2+ [25]. Comparing the three new
bands (2)–(4) to the ground band, one can see that they have
similar regular level spacings. Band (2) is built on the higher ex-
cited state at 716.8 keV, which strongly decays to the 5/2+ and
7/2+ states of the ground band (1). It is not likely for a single-
quasiparticle state to be built with such a high excitation energy,
compared with the other single-quasiparticle bands in 103Nb [25].
The observed strong linking transitions between bands (1) and (2)
suggest the levels in band (2) most probably have a positive parity.
Comparisons of the band-head energy of band (2) in 103Nb with
those of the 1γ bands in 104–106Mo [13,14,23] are shown in Ta-ble 2. One can see that they have similar values. So we assign
the band (2) in 103Nb as a 1γ band with Kπ = 9/2+ . The spins
and parities (Iπ ’s) of the other levels in band (2) are assigned ac-
cording to the rotational band regularity. In order to conﬁrm the
spin assignments of band (3) further, we have tried to carry out a
γ –γ (θ) angular correlation analysis based on our data set divided
into angular bins [29]. Because the ﬁssion yield of the 103Nb is low
in the spontaneous ﬁssion of 252Cf, the angular correlation analysis
is diﬃcult for the side transitions of 103Nb. Even then, the exper-
imental γ –γ (θ) values of A2 = −0.017 ± 0.083, A4 = 0.04 ± 0.13
have been obtained for the 788.7–126.3 cascade. The theoretical
values are A2 = −0.071, A4 = 0 for 11/2(Q )7/2(D)5/2 cascade.
Here, we assume the 126.3 keV transition in the ground band is a
pure M1 transition. Although the errors in the experimental val-
ues are large, the experimental values do overlap the theoretical
ones within one standard deviation. It is consistent with our as-
signments that the 915.0 keV level in band (2) has Iπ = 11/2+ .
Band (3) is based on the 1282.1 keV level. With an excitation
energy of the band-head level much less than the neutron pairing-
gap energy 2n ∼ 2.1 MeV and the proton pairing-gap energy
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The relative intensities of transitions obtained by double gating on transitions for
some new levels of 103Nb in the present work.
Double gating on
Eγ 1/Eγ 2 (keV)
Iπband i I
π
band f Eγ (keV) Iγ (%)
565.3/279.3 9/2+γ → 5/2+g 716.8 77.4(11)
7/2+g 590.5 22.6(6)
367.1/279.3 11/2+γ → 9/2+γ 198.2 38.9(8)
7/2+g 788.7 33.1(11)
9/2+g 629.4 28.0(10)
272.0/294.8 13/2+γ → 11/2+γ 244.3 65.2(11)
9/2+g 873.7 13.6(7)
11/2+g 655.2 21.2(7)
294.8/325.2 15/2+γ → 13/2+γ 272.0 45.1(9)
11/2+γ 516.3 30.7(9)
11/2+g 710.2 19.7(8)
11/2+g 927.2 4.5(6)
325.2/334.7 17/2+γ → 15/2+γ 294.8 51.3(8)
13/2+γ 566.8 29.6(10)
15/2+g 703.0 12.6(12)
13/2+g 1005.0 6.5(10)
279.3/311.8 13/2+2γ → 9/2+γ 565.3 65.6(10)
11/2+γ 367.1 27.0(6)
11/2+g 778.0 7.4(4)
311.8/334.9 15/2+2γ → 13/2+2γ 279.3 83.0(13)
11/2+γ 646.4 11.7(6)
13/2+γ 402.1 5.3(4)
334.9/355.0 17/2+2γ → 15/2+2γ 311.8 82.4(21)
13/2+2γ 591.6 17.6(12)
15/2+1γ 441.9 <1
231.2/259.0 (11/2+)4 → (9/2+)4 202.4 75.2(25)
15/2+2γ 391.7 24.8(17)
Table 2
The systematic comparison of band-head energies of the new bands in 103Nb with
these of the 1γ bands and 2γ bands in 104–106Mo [13,14,23].
Nucleus K1γ E1γ (keV) K2γ E2γ (keV) E2γ /E1γ
103Nb 9/2 716.8 13/2 1282.1 1.79
105Mo 9/2 870.5 13/2 1534.6 1.76
104Mo 2 812.1 4 1583.3 1.95
106Mo 2 710.4 4 1434.6 2.02
2p ∼ 1.7 MeV [13], band (3) should not be a three-quasiparticle
band. It should be a vibrational band. If it is a hexadecapole vibra-
tional band or a β vibrational band, the transition rates decaying
to the 1γ band should not be too strong compared to those de-
caying to the ground band, because the transitions decaying to the
1γ band should annihilate one phonon and create another phonon
[13]. Comparisons of the band-head energies of the 2γ bands in
103Nb with those in 104–106Mo [13,14,23] are also shown in Table 2.
One can see that the energy ratios E2γ /E1γ for the odd-mass nu-
clei are ∼ 1.8, and the harmonic ratios for the even–even 104,106Mo
are around 2.0 in the A = 100 nuclear region. Anharmonic values
of 2.6 ∼ 2.8 are reported in the A = 160 region [6–9]. So the ratios
in odd-A nuclei are somewhat less than the harmonic ratio 2 seen
in the even–even nuclei in this region. This may be caused by the
anharmonic characteristics of the γ -vibrational bands in the odd-A
nuclei. So we assign band (3) as a 2γ band with Kπ = 13/2+ . Band
(4) based on the 1750.7 keV level lies around the pairing-gap en-
ergy. There is not enough information from our experimental data
to deﬁne its properties. According to the energy spacings inside
the band compared with the ground band and 1γ band, the Iπ for
the band-head level is tentatively assigned as 9/2+ .Fig. 4. The plots of the total aligned angular moments Ix vs. the rotational frequency
h¯ω for the bands (1)–(4) in 103Nb.
The 1γ and 2γ bands are expected to exhibit similar inertia
parameters [11]. The inertia parameter A can be obtained from the
second-order rotational energy formula:
E(I, K ) = EK + A
[
I(I + 1) − K 2]+ B[I(I + 1) − K 2]2. (1)
The values of the parameter A obtained in 103Nb in the present
work are 18.2, 18.0, 18.2 and 18.8 keV for the ground band, 1γ , 2γ
and band (4), respectively, which support our assignments.
The dynamic moment of inertia ( J2) is deﬁned as
J2 =
(
d2E
d2 Ix
)−1
≈ 2h¯ Ix
Eγ
(2)
where Eγ is the energy of the γ -transition from the I + 1 state to
I − 1 state which is proportional to the rotational frequency, and
the total aligned angular moment Ix =
√
(I + 1/2)2 − K 2. Fig. 4
shows plots of the Ix vs. the rotational frequency h¯ω for the ob-
served bands (1)–(4) in 103Nb. The slopes of the curves are the
dynamic moments of inertia. From Fig. 4, one can see that the
slopes of the newly observed bands (2), (3) and (4) are very sim-
ilar to each other. This is consistent with the expectations for the
γ -vibrational bands since a small vibration should not make large
changes in the shape [30].
The g factors in the vibrational bands of a nucleus should have
the same magnitude values [30]. The (gK − gR)/Q 0 values can be
calculated from γ -ray transition branching ratios [31]
∣∣(gk − gR)/Q 0∣∣= 0.934Eγ (I → I − 1)δ−1[(I − 1)(I + 1)]−1/2 (3)
where Eγ is the energy of γ -transition (in MeV), and δ is the
E2/M1 mixing ratio which can be obtained from the branching
ratio:
I int.(I → I − 1)
I int.(I → I − 2) = 2K
2(2I − 1)
[
Eγ (I → I − 1)
Eγ (I → I − 2)
]5(
1+ δ−2)
/
[
(I + 1)(I − 1+ K )(I − 1− K )] (4)
where I int. is intensity of the corresponding γ -transition. The
branching ratios of γ -transitions are obtained from the present
work as shown in Table 1. Calculated (gK − gR)/Q 0 values are
0.39(2) b−1 for band (2) and 0.34(2) b−1 for band (3). These val-
ues in both γ -vibrational bands have same magnitude as expected
by theoretical predictions.
Another characteristic for the 2γ band is that the transitions
from 2γ band to 1γ band should be collective. This collectivity
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values of the transitions [7]. In our data, we cannot obtain B(E2)
values directly. But we can use the experimental transition inten-
sities to calculate the B(E2) ratio between two E2 γ -transitions,
and to obtain the relative collectivity between 1γ and 2γ bands,
as done in Ref. [13]. The ratio can be obtained from the following,
B[M1; I1γ → (I − 1)1γ ]
B[E2; I1γ → (I − 2)g.]
/ B[M1; I2γ → (I − 1)2γ ]
B[E2; I2γ → (I − 2)1γ ]
= R1
R2
{Eγ [I2γ →(I−1)2γ ]}3
{Eγ [I1γ →(I−1)1γ ]}3
{Eγ [I1γ →(I−2)g.]}5
{Eγ [I2γ →(I−2)1γ ]}5
(5)
where R1 and R2 are the γ -transition branching ratios with
R1 = I int.[I1γ →(I−1)1γ ]/I int.[I1γ →(I−2)g.] and R2 = I int.[I2γ →(I−1)2γ ]/
I int.[I2γ →(I−2)1γ ] . The values of B(M1) for K > 1/2 can be written
as [30]:
B(M1; K I1 → K , I2 = I1 ± 1)
= 3
4π
(
eh¯
2Mc
)2
(gK − gR)2K 2〈I1K10|I2K 〉2. (6)
The (gK − gR ) factors have been obtained from the above (gK −
gR)/Q 0 values. Here Q 0 = 3√5π Z R20β2(1 +
2
7
√
5
π β2), and R0 =
1.2 × A1/3 fm. The β2 value used is 0.31 which is obtained from
the total-Routhian-surfaces (TRS) calculations based on the cranked
shell model with universal Woods-Saxon potential and Strutinsky
shell correction formalism [32]. So the ratio of the reduced tran-
sition rate B(E2) for the connecting transitions among the bands
(1), (2) and (3) in 103Nb can be obtained using Eqs. (5) and (6),
where the transition branching ratios are taken from the present
work shown in Table 1. The results obtained are: B(E2;15/2+2γ →
11/2+1γ )/B(E2;11/2+1γ → 7/2+g.) = 1.53(16), and B(E2;15/2+2γ →
11/2+1γ )/B(E2;13/2+1γ → 9/2+g.) = 3.45(37). Here we assume the
transitions of I → I − 1 inside the band are pure M1 transitions.
From the ratios, one can ﬁnd that the B(E2) value of the 646.4 keV
transition connecting the 2γ band to the 1γ band has the same
order of magnitude as those of the 788.7 and 873.7 keV transitions
connecting the 1γ band to the ground band. So the transitions be-
tween the 2γ and 1γ bands also keep their collective character. In
addition, the theoretical values for the B(E2) ratios for a harmonic
vibration have been discussed in Ref. [13]. The values in 103Nb are
calculated as: B(E2;15/2+2γ → 11/2+1γ )/B(E2;11/2+1γ → 7/2+g.) =
2.59, and B(E2;15/2+2γ → 11/2+1γ )/B(E2;13/2+1γ → 9/2+g.) = 3.34,
which are close to the above experiment results. So these results
further support our assignment of band (3) as a two-phonon γ -
vibrational band.
The 778.0 keV transition from the 13/2+ state of band (3) to
the 11/2+ state of the ground band in 103Nb should be forbid-
den for K > λ [30]. However, it is observed in the present work.
A similar transition was also observed in even–even 168Er [8].
However, the 778.0 keV transition intensity is very weak compared
with those of the 565.3 and 367.1 keV γ -transitions decaying from
the 2γ to the 1γ bands. Since a magnetic transition does not ex-
ist between a vibrational band and the ground state band [30], the
778.0 keV γ -transition is considered as a pure I = 1 E2 tran-
sition. Now we can compare the reduced transition rate of the
778.0 keV transition with that of the 565.3 keV transition which
connects the 2γ to the 1γ bands. The reduced transition rate ratio
can be written as:
B[E2; (13/22γ → 11/2g.)γ1 ]
B[E2; (13/22γ → 9/2γ )γ2 ]
= I int.γ1 E
5
γ2
I int.γ2 E
5
γ1
(7)
where I int.γ and Eγ are intensity and energy of each γ -ray. The
ratio obtained in this work is 0.022, which is consistent with theunderstanding that a forbidden transition rate should be less by
the order of 10−2. So the observed linking transition of 778.0 keV
from band (3) to ground band does not alter our 2γ band assign-
ment in 103Nb.
The levels of band (4) in 103Nb only decay to 2γ band. Since the
band-head energy of 1750.7 keV is around the pairing-gap energy,
band (4) could be a three-quasiparticle band. However, the struc-
ture of band (4) is very similar to those of the ground band, 1γ
and 2γ bands, as seen in Fig. 4. This band may be a three-phonon
γ -vibrational band possibly mixed with a three-quasiparticle com-
ponent. If band (4) is a pure 3γ band, we can calculate a B(E2)
ratio value of the transitions decaying to the 2γ band using the
observed transition intensities. From Eqs. (5) and (6), the ratio can
be obtained as B(E2;11/2+4 → 15/2+2γ )/B(E2;11/2+1γ → 7/2+g.) =
13.5(11), where the (gK − gR) value of band (4) is assumed to be
the same as that of band (2). One can see that this ratio is signiﬁ-
cantly larger than those of the 2γ band. The characteristics of this
band need further studies.
4. Summary
In conclusion, the high-spin states of neutron-rich 103Nb have
been re-investigated from the study of the prompt γ -rays in
spontaneous ﬁssion of 252Cf with the Gammasphere detector ar-
ray. Three collective bands have been newly identiﬁed. The bands
based on the states at 716.8 keV and 1282.1 keV have been
interpreted as K = 9/2 one-phonon and K = 13/2 two-phonon
γ -vibrational bands, respectively. The evidences supporting these
γ -vibrational bands have been discussed. This is the ﬁrst such
identiﬁcation of a two-phonon band structure in odd-Z nuclei. An-
other band based on the 1750.7 keV level may be a three-phonon
γ -vibrational band mixed with a three-quasiparticle component,
but needs further work.
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